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Abstract

Consider a system of polynomial equations with parametric coefficients over
an arbitrary ground field. We show that the variety of parameters can be rep-
resented as union of strata. Each stratum is a quasiprojective algebraic variety
with the degree bounded from above by a subexponential function in the size of
the input data. Also the number of strata is subexponential in the size of the
input data. This solves a long standing problem to avoid double exponential
growth of coefficients for this problem.

Let k£ be an arbitrary field containing sufficiently many elements with the
characteristic exponent p. Let v > 0 be an integer. Let aq,...,a, be a family
of independent variables (or parameters) over k. Denote by A”(k) the affine
space of parameters with the coordinate functions aq, ..., a, (in a more general
situation one can consider an algebraic variety of parameters V C A¥(k) but

this case is easily reduced to the particular one: V = A”(k)).
Let m,n > 1 be integers. Let fo,... fm—1 € kla1,..., a0, Xo,...,X,] be

homogeneous with respect to Xg, ..., X, polynomials. Assume that the degrees
degXl,...,Xn fi = d’L g d’ degal,.“,au f < d/ (1)
for some integers do,...,dm—1 = 0 and d,d’ > 2. Let a* = (a},...,a}) €

A¥ (k) Denote by V,» C P"(k) the variety of all the solutions of the system of
polynomial equations

folal,...;a}, Xo,..., Xpn) = ... = fm—1(aj,...,a}, Xo,..., X,) =0.

Let —1 < ¢ < n be an integer. Denote by U, the subset of all a* € A¥(k) such
that the dimension dim V,« < ¢. One can prove that it is an open in the Zariski
topology subset of A”(k). For every point a* € U, for every integer 0 < s < ¢
denote by V- s the union of all irreducible components W of the variety V-
such that the dimension dim W = s.
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Consider the problem to represent the set of parameters
U= | Wa (2)

as a union of a finite number, i.e., #A < 400, of quasiprojective algebraic
varieties W, satisfying the following properties. For every a € A for all a* =
(af,...,a%) € W, the variety of solutions V,« is given uniformly, i.e., by some
algebraic formulas (similarly to [2], see below for details) everywhere defined on
W, and depending on aj,...,a) as parameters.

For an arbitrary polynomial f € k[ay,...,a,, Xo,...,X,] and a point a* =
(a3, ...,a%) € A¥(k) we shall write f(a*, Xo, ..., X,) = f(a%,...,a’, Xo, ..., Xp)
and use other similar notations. We shall write V,« = Z(f;(a*, Xo, ..., Xn), 0 <
i < m—1). Here Z(f;(a*, Xo,...,Xn), 0 << m—1) denotes the set of all
common zeroes of the considered polynomials in P"(k). We will use also other
analogous notations. In what follows all the constants in O(...) are absolute.
All the linear forms Y;, Y; ,, from the described below construction can be chosen
with coefficients of length, say, O(n?log, d) in any subring of k with sufficiently
many elements.

Now we are going to give the precise meaning to the uniformity of algebraic

formulas related to (2). Namely the following properties hold true.

(i) For every a € A the variety W, # @. For all ay, s € A if a7 # s then
Wa, N We, = O, i.e., these varieties W, are pairwise disjoint; so we shall
call them strata and union (2) is a stratification.

(ii) One can represent
Wi

2<A< a
where each W&ﬁ) = Z(@[J((fL ... J/Jé@naﬁ), 1 < B < pg, is the set of all
common zeroes of the polynomials wiﬁ’i, e ,1/)&5,2%,[, € kla,...,a,] in the

affine space A¥(k), mq. 5 > 1 is an integer.

For every a € A for every integer 0 < s < ¢ there are linear forms Yy, ..., Y541 €
k[Xo,...,Xn] (depending on « and s) satisfying the following properties.

(iii) For every a* € W, the intersection V,» ;N Z(Yp,...,Y,) = & in P (k).

(iv) Let p = 0 if p = 1 and otherwise p = log, d"~*. For every integer 0 <
r < p there is a nonzero polynomial @, € k[ai,...,a,,Ys,..., Y1)
homogeneous with respect to Yp,...,Ysy1 such that for every a* € W,
the degree

Y41 q)a,s,r - dngS+1 (I)oz,s,r(a*a YE); sty Y;+1) g dnis/prv

.....

the leading coefficient Iy, , ®qo s, € kla1,...,a,], and the polynomial
[o<r<p Pasra”, YOpT, .. ,YS’il) vanishes on the projective algebraic va-
riety Vg« s. Finally denote by A, s, the discriminant of the polynomial
®,, s, with respect to Ys4q (by definition A, 5, = 1 if degy, ,, Pa,sr = 0).
Then for every a* € W, the polynomial A, ; ,(a*,Yp,...,Ys) #0.



(v)

(vii)

(viii)

Let Z be a new variable. There is a finite (or empty) family of polyno-
mials H; € klai,...,a,,Z], j € Juo,sr, satisfying the following properties.
The degree 1 < deg, H; < d"~°. Denote by A; the discriminant of the
polynomial A; with respect to Z. Then A;(a*) # 0 for every a* € W,.
Denote by Z; .+ the family of roots from k of the separable polynomial
H;(a*,Z). We assume that the sets of indices J, s are pairwise disjoint.

There is a family of polynomials ®, 5 ; € k[ai,...,a,,Z,Ys,...,Ysq1],j €
Ju,s,r, and polynomials A\g, \1 € kaq, ..., a,] (they depend on «, s,7) sat-
isfying the following properties. For every a* € W, the polynomials ®, ; ;
are homogeneous with respect to Yy, ..., Y, 1, the degree deg; ®n 5 <
deg, Hj, the leading coefficient lcy,,, @ s j € klai,...,a,], all the poly-
nomials @a,s’j(a*@,YO,...,l@HL £ € Ejax, J € Jas,r, are irreducible
over k in the ring k[Xo, ..., X,], Ao(a*) # 0, A1 (a*) # 0 and

. Ao(a”) .
éa,sﬂ'(a/ 7YO7"'7}/S+1): m H (I)Ot,s,j(a/ 7§a}/05"'a}/s+1)'
W jeda or €55 on
Bosr < /7

Hence degy, D 5,5 < degy,

Y41 Yot

For every a* € W, the irreducible over k components of the projective
algebraic variety V;« , are in the natural one-to—one correspondence with
pairs (£,7) where £ € Ej o+, j € Jas., 0 <7 < p. Denote by W o+ ¢ the
irreducible over k component of the algebraic variety V- ¢ corresponding
to the pair (£, 7). We have deg Wj o« ¢ = degy, | Pa s,

Let Y and Z be variables, t1,...,ts be a family of algebraically indepen-

r

dent elements over k, the element j € Jo,s,r and @, 5 ;(a*, &, 1, t’{ e, tE
6P") = 0. Then there are polynomials D; € klar,...,ap,t1,...,ts], Dj; €
klai,...,au,Z t1,...,ts, Y], 0 < @ < n, satisfying the following proper-
ties. The polynomial D;(a*,t1,...,ts) # 0 for every a* € W,, the degrees
degy Dj; < degy Hj, degy Dj; < degy  , Pas; and all deg, ;. Dj,

deg,;, . ; Dji are bounded from above by d®("=%)_ Further there is a k-
isomorphism of fields k(W 4« ¢) — k(t1,...,ts)[0] such that Y;/Yy — t;,
1<i<35 Y9+1/Yv0’_>97

(X;/Yo)? = Dy i(a* &% .. 42, 0")/Dj(a*, 2 ... #77), 0<i<n.

s Vs

Hence this isomorphism gives a generic point of the algebraic variety
Wia e

There is a finite family of linear forms Y;, € k[Xo,...,X,], ¢ € Ios,
0 < v < s+ 2, depending only on «, s and satisfying the following prop-
erties. For every i € I, s for every 0 < v < s the linear form Y; , = Y,,.
Further for every j € Josr, 0 <17 < p, ¢ € I, s there is a family of poly-
nomials Wy 55w € kla1,...,a0,2,Y;0,...,Y; s42], w € I s j;, homoge-
neous with respect to Y q,...,Y; ;42 and satisfying the following condi-
tions. The degrees deg, ¥, s 4,0 < degy Hj, degyi‘m_”yyi)s+2 Vo, giw <
degy, |, Pa,s,j) finally for every point a* € W, the projective algebraic
variety

Wiane = Z(@asjiw(@, &Y Y0), we lns i i €las) (3)



in P" (k) and the number of elements #1, s = d°"=%) #1, . ;; < d"~*/p"
for all o, s, 7,4. So (3) gives a system of homogeneous polynomial equations
determining the algebraic variety W o« ¢.

Now we able to formulate our main result.

THEOREM 1 Let fo,..., fm—1 € kla1,...,a,,X1,...,X,] andU, be as above.
Then there is a stratification (2) satisfying the properties (i)-(iz) and such that

(a) the number of elements #A and all the integers o, Mmq,p are bounded
from above by (d')?d°"™) with an absolute constant in O(nv),

(b) the degrees with respect to aq, . .., a, of all the polynomials wg’?, ceey &@naﬁ,

Posry Hj, Posj, Aoy A1, Dy, Dji, Yoo are bounded from above by
d'd®™) with an absolute constant in O(n).

The proof of this theorem is based on the algorithm from [2] with some modi-
fications and the results of [5], [6], see also [3], [4]. For the considered problem
previously known estimates for degrees were double-exponential, cf. [1], [7].
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