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Abstract

Consider a system of polynomial equations with parametric coefficients over

an arbitrary ground field. We show that the variety of parameters can be rep-

resented as union of strata. Each stratum is a quasiprojective algebraic variety

with the degree bounded from above by a subexponential function in the size of

the input data. Also the number of strata is subexponential in the size of the

input data. This solves a long standing problem to avoid double exponential

growth of coefficients for this problem.

Let k be an arbitrary field containing sufficiently many elements with the
characteristic exponent p. Let ν > 0 be an integer. Let a1, . . . , aν be a family
of independent variables (or parameters) over k. Denote by Aν(k) the affine
space of parameters with the coordinate functions a1, . . . , aν (in a more general
situation one can consider an algebraic variety of parameters V ⊂ Aν(k) but
this case is easily reduced to the particular one: V = Aν(k)).

Let m,n > 1 be integers. Let f0, . . . fm−1 ∈ k[a1, . . . , aν , X0, . . . , Xn] be
homogeneous with respect to X0, . . . , Xn polynomials. Assume that the degrees

degX1,...,Xn fi = di 6 d, dega1,...,aν f 6 d′ (1)

for some integers d0, . . . , dm−1 > 0 and d, d′ > 2. Let a∗ = (a∗1, . . . , a
∗
ν) ∈

Aν(k) Denote by Va∗ ⊂ Pn(k) the variety of all the solutions of the system of
polynomial equations

f0(a∗1, . . . , a
∗
ν , X0, . . . , Xn) = . . . = fm−1(a∗1, . . . , a

∗
ν , X0, . . . , Xn) = 0.

Let −1 6 c 6 n be an integer. Denote by Uc the subset of all a∗ ∈ Aν(k) such
that the dimension dimVa∗ 6 c. One can prove that it is an open in the Zariski
topology subset of Aν(k). For every point a∗ ∈ Uc for every integer 0 6 s 6 c
denote by Va∗,s the union of all irreducible components W of the variety Va∗

such that the dimension dimW = s.
Key words and phrases: parametric coefficients, stratifications, absolutely irreducible com-

ponents, solving polynomial systems.
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Consider the problem to represent the set of parameters

Uc =
⋃
α∈A
Wα (2)

as a union of a finite number, i.e., #A < +∞, of quasiprojective algebraic
varieties Wα satisfying the following properties. For every α ∈ A for all a∗ =
(a∗1, . . . , a

∗
ν) ∈ Wα the variety of solutions Va∗ is given uniformly, i.e., by some

algebraic formulas (similarly to [2], see below for details) everywhere defined on
Wα and depending on a∗1, . . . , a

∗
ν as parameters.

For an arbitrary polynomial f ∈ k[a1, . . . , aν , X0, . . . , Xn] and a point a∗ =
(a∗1, . . . , a

∗
ν) ∈ Aν(k) we shall write f(a∗, X0, . . . , Xn) = f(a∗1, . . . , a

∗
ν , X0, . . . , Xn)

and use other similar notations. We shall write Va∗ = Z(fi(a∗, X0, . . . , Xn), 0 6
i 6 m − 1). Here Z(fi(a∗, X0, . . . , Xn), 0 6 i 6 m − 1) denotes the set of all
common zeroes of the considered polynomials in Pn(k). We will use also other
analogous notations. In what follows all the constants in O(. . .) are absolute.
All the linear forms Yi, Yi,v from the described below construction can be chosen
with coefficients of length, say, O(n2 log2 d) in any subring of k with sufficiently
many elements.

Now we are going to give the precise meaning to the uniformity of algebraic
formulas related to (2). Namely the following properties hold true.

(i) For every α ∈ A the variety Wα 6= ∅. For all α1, α2 ∈ A if α1 6= α2 then
Wα1 ∩Wα2 = ∅, i.e., these varieties Wα are pairwise disjoint; so we shall
call them strata and union (2) is a stratification.

(ii) One can represent
Wα =W(1)

α \
⋃

26β6µα

W(β)
α

where each W(β)
α = Z(ψ(β)

α,1, . . . , ψ
(β)
α,mα,β ), 1 6 β 6 µα, is the set of all

common zeroes of the polynomials ψ(β)
α,1, . . . , ψ

(β)
α,mα,β ∈ k[a1, . . . , aν ] in the

affine space Aν(k), mα,β > 1 is an integer.

For every α ∈ A for every integer 0 6 s 6 c there are linear forms Y0, . . . , Ys+1 ∈
k[X0, . . . , Xn] (depending on α and s) satisfying the following properties.

(iii) For every a∗ ∈ Wα the intersection Va∗,s ∩ Z(Y0, . . . , Ys) = ∅ in Pn(k).

(iv) Let ρ = 0 if p = 1 and otherwise ρ = logp dn−s. For every integer 0 6
r 6 ρ there is a nonzero polynomial Φα,s,r ∈ k[a1, . . . , aν , Y0, . . . , Ys+1]
homogeneous with respect to Y0, . . . , Ys+1 such that for every a∗ ∈ Wα

the degree

0 6 degY0,...,Ys+1
Φα,s,r = degYs+1

Φα,s,r(a∗, Y0, . . . , Ys+1) 6 dn−s/pr,

the leading coefficient lcYs+1Φα,s,r ∈ k[a1, . . . , aν ], and the polynomial∏
06r6ρ Φα,s,r(a∗, Y

pr

0 , . . . , Y p
r

s+1) vanishes on the projective algebraic va-
riety Va∗,s. Finally denote by ∆α,s,r the discriminant of the polynomial
Φα,s,r with respect to Ys+1 (by definition ∆α,s,r = 1 if degYs+1

Φα,s,r = 0).
Then for every a∗ ∈ Wα the polynomial ∆α,s,r(a∗, Y0, . . . , Ys) 6= 0.
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(v) Let Z be a new variable. There is a finite (or empty) family of polyno-
mials Hj ∈ k[a1, . . . , aν , Z], j ∈ Jα,s,r, satisfying the following properties.
The degree 1 6 degZ Hj 6 dn−s. Denote by ∆j the discriminant of the
polynomial ∆j with respect to Z. Then ∆j(a∗) 6= 0 for every a∗ ∈ Wα.
Denote by Ξj,a∗ the family of roots from k of the separable polynomial
Hj(a∗, Z). We assume that the sets of indices Jα,s,r are pairwise disjoint.

(vi) There is a family of polynomials Φα,s,j ∈ k[a1, . . . , aν , Z, Y0, . . . , Ys+1], j ∈
Jα,s,r, and polynomials λ0, λ1 ∈ k[a1, . . . , aν ] (they depend on α, s, r) sat-
isfying the following properties. For every a∗ ∈ Wα the polynomials Φα,s,j
are homogeneous with respect to Y0, . . . , Ys+1, the degree degZ Φα,s,j <
degZ Hj , the leading coefficient lcYs+1Φα,s,j ∈ k[a1, . . . , aν ], all the poly-
nomials Φα,s,j(a∗, ξ, Y0, . . . , Ys+1), ξ ∈ Ξj,a∗ , j ∈ Jα,s,r, are irreducible
over k in the ring k[X0, . . . , Xn], λ0(a∗) 6= 0, λ1(a∗) 6= 0 and

Φα,s,r(a∗, Y0, . . . , Ys+1) =
λ0(a∗)
λ1(a∗)

∏
j∈Jα,s,r, ξ∈Ξj,a∗

Φα,s,j(a∗, ξ, Y0, . . . , Ys+1).

Hence degY0,...,Ys+1
Φα,s,j 6 degY0,...,Ys+1

Φα,s,r 6 dn−s/pr.

(vii) For every a∗ ∈ Wα the irreducible over k components of the projective
algebraic variety Va∗,s are in the natural one–to–one correspondence with
pairs (ξ, j) where ξ ∈ Ξj,a∗ , j ∈ Jα,s,r, 0 6 r 6 ρ. Denote by Wj,a∗,ξ the
irreducible over k component of the algebraic variety Va∗,s corresponding
to the pair (ξ, j). We have degWj,a∗,ξ = degYs+1

Φα,s,j .

(viii) Let Y and Z be variables, t1, . . . , ts be a family of algebraically indepen-
dent elements over k, the element j ∈ Jα,s,r and Φα,s,j(a∗, ξ, 1, t

pr

1 , . . . , t
pr

s ,
θp
r

) = 0. Then there are polynomials Dj ∈ k[a1, . . . , aν , t1, . . . , ts], Dj,i ∈
k[a1, . . . , aν , Z, t1, . . . , ts, Y ], 0 6 i 6 n, satisfying the following proper-
ties. The polynomial Dj(a∗, t1, . . . , ts) 6= 0 for every a∗ ∈ Wα, the degrees
degZ Dj,i < degZ Hj , degY Dj,i < degYs+1

Φα,s,j and all degt1,...,ts Dj ,
degt1,...,ts Dj,i are bounded from above by dO(n−s). Further there is a k-
isomorphism of fields k(Wj,a∗,ξ) → k(t1, . . . , ts)[θ] such that Yi/Y0 7→ ti,
1 6 i 6 s, Ys+1/Y0 7→ θ,

(Xi/Y0)p
r

7→ Dj,i(a∗, ξ, t
pr

1 , . . . , t
pr

s , θ
pr )/Dj(a∗, t

pr

1 , . . . , t
pr

s ), 0 6 i 6 n.

Hence this isomorphism gives a generic point of the algebraic variety
Wj,a∗,ξ.

(ix) There is a finite family of linear forms Yi,v ∈ k[X0, . . . , Xn], i ∈ Iα,s,
0 6 v 6 s + 2, depending only on α, s and satisfying the following prop-
erties. For every i ∈ Iα,s for every 0 6 v 6 s the linear form Yi,v = Yv.
Further for every j ∈ Jα,s,r, 0 6 r 6 ρ, i ∈ Iα,s there is a family of poly-
nomials Ψα,s,j,i,w ∈ k[a1, . . . , aν , Z, Yi,0, . . . , Yi,s+2], w ∈ Iα,s,j,i, homoge-
neous with respect to Yi,0, . . . , Yi,s+2 and satisfying the following condi-
tions. The degrees degZ Ψα,s,j,i,w < degZ Hj , degYi,0,...,Yi,s+2

Ψα,s,j,i,w 6
degYs+1

Φα,s,j , finally for every point a∗ ∈ Wα the projective algebraic
variety

Wj,a∗,ξ = Z(Ψα,s,j,i,w(a∗, ξ, Y p
r

i,0 , . . . , Y
pr

i,s+2), w ∈ Iα,s,j,i, i ∈ Iα,s) (3)
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in Pn(k) and the number of elements #Iα,s = dO(n−s), #Iα,s,j,i 6 dn−s/pr

for all α, s, j, i. So (3) gives a system of homogeneous polynomial equations
determining the algebraic variety Wj,a∗,ξ.

Now we able to formulate our main result.

THEOREM 1 Let f0, . . . , fm−1 ∈ k[a1, . . . , aν , X1, . . . , Xn] and Uc be as above.
Then there is a stratification (2) satisfying the properties (i)–(ix) and such that

(a) the number of elements #A and all the integers µα, mα,β are bounded
from above by (d′)νdO(nν) with an absolute constant in O(nν),

(b) the degrees with respect to a1, . . . , aν of all the polynomials ψ(β)
α,1, . . . , ψ

(β)
α,mα,β ,

Φα,s,r, Hj, Φα,s,j, λ0, λ1, Dj, Dj,i, Ψα,s,j,i,w are bounded from above by
d′dO(n) with an absolute constant in O(n).

The proof of this theorem is based on the algorithm from [2] with some modi-
fications and the results of [5], [6], see also [3], [4]. For the considered problem
previously known estimates for degrees were double-exponential, cf. [1], [7].
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